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If the condition described in Definition 1.1 on the simultaneous representation
of quaternion algebras holds over a field F, then F is called tractable. In this
paper, we show that a field F is tractable if and only if any purely transcendental
extension of F is tractable. Next, if F is a global field of characteristic unequal to
two, we consider tractability of an algebraic function field K in one variable of
genus zero over F and determine precisely when K is tractable if F has at most
one ordering.  2001 Academic Press
1. INTRODUCTION
Ž . ŽLet F be a field with char F  2. Throughout, all fields F are
. Ž .assumed to have characteristic different from 2. Let a, bF denote the
quaternion algebra over F with F-base 1, i, j, k, such that i2 a, j2 b,
 and ijji k. Chacron et al. CTW introduced the notion of a
tractable field. The definition is following:
DEFINITION 1.1. A field F is called tractable if, for every
 4 Ž .a , a , a , b , b , b  F* F 0 , whenever a , bF is split for all1 2 3 1 2 3 i j
Ž . Ž . Ž . Ž .j i and a , b F  a , b F  a , b F , then a , bF is split.1 1 2 2 3 3 i i
 The condition arose in connection with Chacron’s work Ch on decom-
posability of algebras with involution. Tractability, which initially appears
to just express a fact about quaternion algebras displaying a specific
behavior, actually turns out to encapsulate significant information on
arithmetical properties of the field. The following theorems were shown in
 CTW and will be applied later in the paper.
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  Ž .THEOREM 1.2 CTW, Corollary 2.3 and Theorem 2.10 . i A local
field L is tractable if and only if L is nondyadic.
Ž .ii A global field F is tractable if and only if F has at most one dyadic
prime spot.
  Ž .THEOREM 1.3 CTW, Theorem 3.17 and Theorem 3.18 . i If R is a
real closed field, then any field K of transcendence degree 1 oer R is tractable.
Ž .ii If L is any nondyadic local field, then any field K of transcendence
degree 1 oer L is tractable.
In this paper, we first show that if K is an algebraic function field in one
variable having a place of degree 1 over a tractable constant field, then the
only possible intractable quaternion algebras over K are everywhere
Žunramified and are of nonconstant class see Corollary 2.7 and Proposition
.2.8 . Utilizing these facts, we prove in Theorem 2.13 that a field F is
Ž .tractable if and only if the rational function field F x is tractable. Next,
Ž .we analyze tractability of algebraic function fields in one variable of
genus 0 over global fields. In general, it seems to be quite complicated to
determine tractability of algebraic function fields over global fields. It is
natural to consider genus 0 fields first not only because they are closely
related to rational function fields but also because function fields of genus
0 are naturally associated with quaternion algebras. We show in Theorem
4.9 and Proposition 4.12 when algebraic function fields of genus 0 over F
are tractable where F is a tractable global field with at most one ordering.
In particular, tractability of such function fields over  is completely
Ž .determined see Note 4.16 . If F is an intractable global field, we describe
in Theorem 4.18 exactly which function fields of genus 0 over F are
tractable.
2. THE RAMIFICATION MAP AND TRACTABILITY OF
RATIONAL FUNCTION FIELDS
We start this section with reviewing the ramification map which plays a
very important role when we investigate tractability of algebraic function
fields in one variable.
Let K be a field with a normalized discrete valuation  : K * . Let V
denote the valuation ring and V its residue field. The Brauer group of a
discrete valuation ring and that of its quotient field are related as follows.
Ž . Ž .The restriction map Br V  Br K induced by the inclusion V K is
Ž  . Ž .injective e.g., DI, Lemma 2.2, p. 136 and thus we may identify Br V
Ž .with its image in Br K . For a central simple algebra B over K , we say
  Ž .   Ž .that B, or B  Br K , is unramified at V, or at  , if B  Br V , i.e.,
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   B  A	 K where A is an Azumaya algebra over V. Otherwise, weR
say that B is ramified at V. Now, if we avoid the characteristic of V, we
Ž . Ž . Ž .can describe the cokernel of the map Br V  Br K as we will see in 2
ˆbelow. To this end, let K be the completion of K with respect to  and let
ˆ ˆ Ž .K be the maximal unramified extension of K. Let X G be thenr V
Ž .continuous character group of the absolute Galois group of the residue
field V. For the following proposition, see AB, Theorem 3.3; Sa, Theorem
  10.3 ; for the Henselian case, see JW, p. 155; Sc , Satz 2.3 .2
PROPOSITION 2.1. Keeping the notation as aboe for a discrete aluation
Ž . Ž .ring V with its quotient field K , the restriction map Br V  Br K is
injectie. Further, there is a short exact sequence
ram ˆ0 Br V  Br K K X G  0. 1Ž . Ž .Ž .Ž .nr V
The map ram is called the ramification map. To define this map, let
ˆ ˆŽ . Ž .G Gal K K  Gal V V G . The valuation  on K has anr se p V
ˆ ˆ ˆcanonical extension to K , which extends uniquely to K since K isnr nr
ˆ ˆalgebraic over K and the valuation on K is complete. Thus we will also
ˆ ˆŽ . Ž .use  to denote the valuation on K , and we have  K *  K . Sincenr nr
ˆ on K is normalized, its extension to K is also normalized. Thenr
ˆsurjective valuation map  : K   is a G-module homomorphism whichnr
yields a group homomorphism
2 ˆ 2 1H G , K H G , H G ,  X G .Ž . Ž . Ž .Ž .nr
The map ram is the composition
ˆ ˆ ˆ 2 ˆBr K K  Br K K H G , K  X G .Ž .Ž . Ž .ž /nr nr nr
ˆ  Ž . Ž .Thus, for B  Br K K , ram B is computed by first extendingnr
ˆscalars to the completion K.
For any torsion abelian group T , write T  for the prime-to-p part of T if
Ž . Ž . Ž char V  p 0, and let T  T if char V  0. It is known see Kn,
ˆ ˆŽ . . Ž . Ž . Ž .5.2 , p. 46 that Br K  0. Then we have Br K K  Br K  andnr nr
Ž .thus from 1 , we have an exact sequence
ram 0 Br V  Br K  X G  0. 2Ž . Ž . Ž .Ž .V
ˆŽ . Ž . Ž .EXAMPLE 2.2. If a, bK  Br K K where a, bK is a quater-nr
ŽŽ ..nion algebra over K , then ram a, bK is determined by c
Ž . Ž . a  b  Žb.  Ža. ŽŽ ..1 a b in V *. Indeed, ram a, bK  f , whereŽ . c
1f : G  ,c V 2
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Ž .is the unique character with ker f G . This is well known andc V Ž c .'
2Ž . Ž .verifiable by an easy calculation. Now, if  a  0, a V * , and  b  1,
ŽŽ .. Ž .then ram a, bK  0 since f is a nontrivial character. Hence, a, bKc
is a division algebra.
DEFINITION 2.3. Let K be a field and suppose that there exist
Ž .a , a , a , b , b , b  K * such that a , bK is split for all j i but1 2 3 1 2 3 i j
Ž . Ž . Ž .D  a , b K  a , b K  a , b K is nonsplit. We call1 1 2 2 3 3
Ž . Ž .D; a , a , a , b , b , b , or simply D; a , b , an intractable family over K.1 2 3 1 2 3 i j
We say that D is an intractable quaternion algebra over K if D is the
quaternion algebra of some intractable family over K.
Ž . Ž .Remark 2.4. i If D; a , b is an intractable family over a field K ,i j
and L is any extension field of K such that D	 L is not split, thenF
Ž .D	 L; a , b is an intractable family over L.F i j
Ž .ii Let K be a field with a discrete valuation  . Let V be the
Ž .valuation ring and V the residue field of  with char V  2. Suppose that
Ž . Ž . Ž .D; a , b is an intractable family over K. If  a  b  0 for all i, j,i j i j
Ž . Ž . Ž .then each a , bK  Br V since each a , bV is an Azumaya alge-i j i j
Ž . Ž .bra over V. Now apply the specialization map  : Br V  Br V induced
Ž . Ž Ž . .by the residue map V V. If  D is nonsplit, then  D ; a , b is ani j
intractable family over V.
The following proposition will be very useful when we investigate
tractability of algebraic function fields in one variable.
PROPOSITION 2.5. Let K be a field with a complete discrete aluation .
Let V be the aluation ring and V the residue field of  , and assume that
Ž .char V  2. If D is an intractable quaternion algebra oer K , then D
Ž . Ž .a , a K with a  V * and a , a V intractable oer V. Conersely, for1 2 i 1 2
Ž .any a , a  V *, if a , a V is an intractable quaternion algebra oer V,1 2 1 2
Ž .then a , a K is intractable oer K.1 2
 Proof. See the proof of CTW, Proposition 2.5 .
Ž  .The following corollary cf. CTW, Proposition 2.5 is immediate from
Proposition 2.5.
COROLLARY 2.6. Under the hypotheses of Proposition 2.5, K is tractable if
and only if V is tractable.
Although we are interested in the tractability of rational function fields
in this section, we are also able to discuss our theory in a more general
setting.
Let K be an algebraic function field in one variable over a constant
field F. We will always assume that the constant field F is algebraically
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closed in K. By a place of KF, we mean a normalized discrete valuation
on K which is trivial on F*. Define
 4 KF  P 
 P is a place of KF .Ž .
Ž .For P KF , let V be the associated discrete valuation ring and VP P
 the residue field of V . The degree of P is defined to be V : F . Now, letP P
ˆ ˆK be the completion of K with respect to P and V its discrete valuationP P
ˆ ˆ Ž ring. Note that V has residue field V isomorphic to V e.g., Ja,P P P
.Corollary 2.7, p. 76 , and further we have
ˆ ˆBr V  Br V  Br K . 3Ž .Ž . Ž . Ž .P P P
Ž  Ž . Ž .See JW, Theorem 2.8 b and Theorem 5.6 a for the isomorphism. The
.second map is injective by Proposition 2.1.
COROLLARY 2.7. Let K be an algebraic function field in one ariable oer
any field F. If D is an intractable quaternion algebra oer K , then D is
eerywhere unramified.
Ž .Proof. Suppose that D is ramified at P KF . By definition of the
ramification map at the beginning of this section, the following diagram
commutes
ramK Ž . Ž .Br K  X G P

res
ram ˆŽ . Ž .Br K  X G P P
Ž .4
Ž .where X G denotes the character group of the absolute Galois group ofP
Ž .the residue field V . The commutativity of the square 4 shows thatP
ˆD	 K has nontrivial ramification, so it is nonsplit and hence in-K P
Ž .tractable by Remark 2.4 i . Thanks to Proposition 2.5, we have
ˆ ˆ ˆD	 K  a , a K , where a , a  V .Ž .K P 1 2 P 1 2 P
ˆThen, by Example 2.2, D	 K has trivial ramification, a contradiction.K P
Let K be an algebraic function field in one variable over a field F. For
Ž . Ž . Ž .the restriction i.e., scalar extension map  : Br F  Br K , a class
  Ž . Ž .   Ž .B  Br K is called a constant class in Br K if B   A for some
  Ž .A  Br F .
PROPOSITION 2.8. Let K be an algebraic function field in one ariable oer
a tractable constant field F. If there exists a place of KF of degree one, then
no intractable quaternion algebra oer K is a constant class.
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Ž .Proof. By hypothesis, there exists a place P KF such that
V  F. We then have a commutative diagram:P
 Ž . Ž .Br F Br K
 

  ˆŽ . Ž .Br V Br KP P
Ž .5
Ž . Ž .The map  in 5 arises from 3 and is injective. The other maps are all
restriction maps. Suppose now that D is an intractable quaternion algebra
    Ž .over K with D a constant class. Then we can find a class A  Br F
   such that A	 K  D . Since V  F and so  is an isomorphism, theF P
ˆ ˆ   composition  is injective. Thus, D	 K  A	 K has order 2.K P F P
ˆ ˆThis implies that D	 K is an intractable quaternion algebra over K .K P P
However then, by Corollary 2.6, V  F is not tractable, contradicting ourP
hypothesis.
Remark 2.9. In the proof of Proposition 2.8, the division algebra A
over F is in fact a quaternion algebra. To see this, observe that there exists
Ž . Ž . Ž .the specialization map  : Br V  Br V  Br F , whose domain in-P P
Ž . Ž .  cludes all constant classes, and  D   A	 K  A . Since theF
ˆŽ . Ž . Ž map Br V  Br K is index-preserving cf. JW, Lemma 2.2 and Propo-P P
.sition 2.5 , we obtain
ˆind A  ind  D  ind D	 K ind D ,Ž . Ž . Ž .Ž . Ž .K
Ž . Ž .where ind X denotes the Schur index of X. On the other hand, ind D 
Ž . Ž . Ž . Ž .ind A	 K 
 ind A . Hence, we have ind A  ind D  2 so that AF
must be a quaternion algebra over F.
Ž .Remark 2.10. The map  in 5 is injective since  is injective.
Thus, under the hypotheses of Proposition 2.8, if F is an intractable
constant field, then K is also intractable.
Ž .There is another way of describing the ramification map in 1 above for
an algebraic function field in one variable, which we recall now.
Suppose that K is an algebraic function field in one variable over an
arbitrary field F. Let F be the separable closure of F and G these p F
Ž .absolute Galois groups of F. For each P KF , let G be theP
absolute Galois groups of the residue field V . Denote the divisor group ofP
F  K over F byse p se p
 F  KF  .Ž . se p se p
Ž .P  F KFse p se p
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Ž . Ž .For a F  K *, let a  F  KF denote the principal divisor ofse p se p se p
a. There is a map
	 : F  K * F  KFŽ .se p se p se p
Ž . Ž .given by a a Ý  a P. Then we haveP  P 
	*
2 2Br F  KF H G , F  K *  H G , F  KFŽ . Ž . Ž .Ž .se p F se p F se p se p
H 2 G ,  Fž /
Ž . P 
PP KF
 H 2 G ,  X G . 6Ž . Ž . Ž . P P
Ž . Ž .P KF P KF
Ž .Note that the map 	* in 6 is induced by the map 	 above and that in the
Ž  .second isomorphism Shapiro’s Lemma cf. Br, p. 73 is applied.
LEMMA 2.11. Let K be an algebraic function field in one ariable oer a
Ž .constant field F. For each Q KF , there is a commutatie diagram

 Ž . Ž .Br F  KK X Gse p P
Ž .P KF
 
res 
ram ˆŽ . Ž .Br K X GQ Q
Ž .7
Ž .where 
 is the composition in 6 and  is the projection onto the Q-compo-
nent.
Ž .The commutativity of the diagram 7 is considered known although we
have not found a published proof of it. An application of this lemma can
   be found in Po, p. 170 ; see Ha for a detailed proof of Lemma 2.11.
The following well-known theorem describes the structure of the Brauer
group of a rational function field. This result will be used to study the
tractability of a rational function field.
Ž  .2.12 AUSLANDERBRUMERFADDEEV THEOREM cf. AB, Fa, FS .
There is an exact sequence

0
0 Br F  Br F x F x  X G  0. 8Ž . Ž . Ž . Ž .Ž .Ž . se p p
p
 Here p ranges oer all monic irreducible polynomials of F x . For each p,
Ž .X G denotes the character group of the absolute Galois group of the residuep
     4 field F x Ž p. where F x  fg 
 f , g F x , p g .Ž p.
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Ž . Ž .Let K F x . Denote by P  KF the place corresponding to the
 valuation ring F 1x . Note then that monic irreducible polynomialsŽ1 x .
  Ž .p F x are in one-to-one correspondence with places P KF 
 4   Ž .P via p P where V  F x . The map 
 in 8 is obtained from P Ž p. 0
Ž .the map 
 in 7 by suppressing the component at 1x P . Since
Ž Ž .. Ž  . Ž .Br F x  0 see FS, Lemma 2, p. 51 , the exact sequence 8 can bese p
rewritten as

0
0 Br F  Br K  X G  0. 9Ž . Ž . Ž . Ž . P
Ž .  4P KF  P
Here, for a torsion abelian group T , let T  denote the prime-to-p part of T
Ž . Ž .if char F  p 0, and T  T if char F  0. Observe that according to
Lemma 2.11, the map 
 coincides with the direct sum of the ramification0
Ž .maps suppressed at P .
THEOREM 2.13. A field F is tractable if and only if the rational function
Ž .field F x is tractable.
Ž .Proof. Let K F x as above. If K is tractable, then F is certainly
Ž . Ž .tractable since Br F is embedded into Br K . To show the converse,
assume that F is tractable. If D were an intractable quaternion algebra
Ž   Ž . .over K obviously, D  Br K  , then D would be unramified every-
Ž . Ž .  where by Corollary 2.7. The exactness at Br K  in 9 implies that D is a
constant class. However, since K has a place of degree 1, we get a
Ž .contradiction to Proposition 2.8. Therefore, K F x is tractable.
The following corollary follows immediately from Theorem 2.13 by
 induction on transcendence degree. It settles the question raised in CTW
ˆ ˆŽ . Ž .of the tractability of  x, y and  x, y , where  is a nondyadic p-adicp p
ˆ Ž Žfield, since  and  are tractable. It is easy to see that  is tractable cf.p
ˆ . Ž . .CTW, Corollary 2.1 . The tractability of  follows from Theorem 1.2 i .p
COROLLARY 2.14. A field F is tractable if and only if any purely transcen-
dental extension of F is tractable.
 Remark 2.15. Theorem 2.13 was proved in CTW, Theorem 2.13 but
with the added assumption that F is a BrauerHilbertian field.
BrauerHilbertian fields, which preserve good specialization properties,
 were introduced in FSS where it was shown that a global field is
BrauerHilbertian and that if F is a global field, then any finitely and
separately generated extension of F with transcendence degree  1 is
 also BrauerHilbertian. See FSS for details.
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3. ALGEBRAIC FUNCTION FIELDS IN ONE VARIABLE
OF GENUS 0
This section is a collection of useful results on algebraic function fields
in one variable of genus 0, which will be needed in the next section.
Everything described in this section is known.
Let F be a field. For any fixed a, b F*, let C be the projective conic
curve over F defined by the equation ax2 by2 z 2 0. Obviously, C is
Ž . Ž .nonsingular as char F  2. Then the function field K F C of C is the
  Ž 2 2 .quotient field of F x, z  ax  b z and so K has the form
2'Ž .F x, ax  b where x is transcendental over F. Such a K has a genus 0
Ž and every algebraic function field of genus 0 has this form cf. Ar,
.Theorem 6, P. 302 .
Ž .For each P KF , denote by V the residue field of P, by G P P
Ž . Ž . ŽGal F V the absolute Galois group of V , and by X G the continu-se p P P P
.ous character group of G . There is a generalization of theP
Ž .AuslanderBrumerFaddeev Theorem 2.12 for algebraic function fields
Ž  .of genus 0, which was proved by Scharlau see Sc , p. 5 .1
Ž .PROPOSITION 3.1 Scharlau . Let F be any field and let K 
2'Ž .F x, ax  b where a, b F* and x is transcendental oer F. Suppose that
Ž .Q a, bF is a quaternion algebra oer F. Then the following sequence is
exact:

   0 F , Q  Br F  Br F  KK  X G . 4 Ž . Ž .Ž . se p P
Ž .P KF
10Ž .
Ž .In Proposition 3.1, the map  is the restriction map and so ker  
Ž . Ž .    4Br KF . The fact that Br KF  F , Q from the exact sequence
Ž . Ž  .10 was proved much earlier by Witt see Wi, Satz, p. 465 . The map 
 is
Ž . Ž .the top map in 7 . For each P KF , the P-component of 
 , the
Ž . Ž .mapping Br F  KK  X G , is the ramification map associated tose p P
the valuation  on K by Lemma 2.11.p
Now, note that Q determines K up to isomorphism since K is isomor-
phic to the function field of a conic determined by norm form on the pure
Ž .part of Q. Thus we will frequently denote K by F Q . Clearly, if QQ
Ž . Ž .then F Q  F Q since the corresponding norm quadratic forms are
Ž Ž . .    4 Ž .isometric. Also, since Br F Q F  F , Q , F Q determines Q up to
Ž . Ž . Ž .isomorphism. Note further that if F Q is rational, i.e., F Q  F x , then
Ž . Ž Ž ..Q must be split since the map Br F  Br F x is injective. On the other
hand, if Q is split, then C has an F-rational point, and an easy calculation
Ž . Ž  .shows that F Q is rational cf. Wa, p. 748 .
Ž  .The assertions above yield the following lemma see also Wa, p. 747 .
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Ž .LEMMA 3.2. Let F be any field. For Q a, bF and C as aboe, let
2'Ž . Ž .K F Q  F x, ax  b . Then the following conditions are equialent:
Ž .i Q is split oer F.
Ž .ii C has an F-rational point.
Ž .iii K is purely transcendental oer F.
Note that because C is a nonsingular curve, every F-rational point
Ž .determines a discrete valuation ring of K the local ring of C at the point
whose residue field is F. Also, Lemma 3.2 tells us that if Q is a split
quaternion algebra over F, then Proposition 3.1 reduces to the
Ž .AuslanderBrumerFaddeev Theorem 2.12 .
COROLLARY 3.3. Let F be any field. For a quaternion algebra Q
2'Ž . Ž . Ž .  a, bF , let K F Q  F x, ax  b . For any field E F with E : F
Ž . , E splits Q if and only if E V for some P KF .P
2'Ž . Ž .Proof. If E splits Q, then E Q  E x, ax  b is purely transcen-
Ž Ž . .dental over E by Lemma 3.2. Then we can take a place P E Q E
Ž . Ž .with deg P  1 so V  E . Let P P 
 . Then, V  V  E. OnP  F ŽQ . P P 
Ž .the other hand, suppose that E V for some P KF . It suffices toP
  Ž .verify that V splits Q. Since Q  Br KF , Q	 K is split over K. TheP F
Ž . Ž .natural map Br V  Br K is an injection by Proposition 2.1, and soP
Q	 V is also split as an Azumaya algebra over V . Then, from theF P P
Ž . Ž .canonical homomorphism Br V  Br V , it follows that Q	 V isP P F P
split over V .P
Remark 3.4. An extension field K of a field F is called a generic
splitting field of a central simple F-algebra A if for any extension field E
of F, E is a splitting field of A if and only if there is an F-algebra
homomorphism from V to E where V is some valuation ring with quotient
field K. Since the identity map is an F-algebra homomorphism, any
generic splitting field is a splitting field. The above function field K
Ž . Ž .F C  F Q is a generic splitting field of a quaternion algebra Q. In fact,
the projective conic curve C is the BrauerSeveri variety associated to the
Ž  .quaternion algebra Q cf. Art, p. 196 and so K is a generic splitting field
 of Q. See Am for a discussion of generic splitting fields. That K is a
Ž  .generic splitting field of Q was implicitly noted by Witt see Wi in 1934.
4. TRACTABILITY OF FUNCTION FIELDS IN ONE
VARIABLE OF GENUS 0 OVER GLOBAL FIELDS
Let F be a global field, that is, either F is an algebraic number field
Ž .i.e., a finite extension of  or F is an algebraic function field in one
variable over a finite field. By a prime spot on F, we mean an equivalence
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class of discrete valuations on F or an equivalence class of archimedean
absolute values on F. Let us define
 4P F   
  is a prime spot of F .Ž .
ˆŽ .For  P F , let F denote the corresponding completion of F. Thus, if
ˆ is an archimedean prime spot of F, then the field F is isomorphic to 
or , in which case  is said to be real infinite or complex infinite. If  is a
ˆnon-archimedean prime spot of F, then F is a local field, i.e., a field with
complete discrete valuation and with finite residue field denoted V ; in this
case  is said to be finite. Because the characteristic of F is not 2, the
ˆcharacteristic of F is not 2 as well. However, it is still possible for the
residue field V to have characteristic 2. A finite prime spot  and its
ˆ Ž .corresponding local field F are called dyadic if char V  2. Otherwise, 
they are called nondyadic.
Ž The following lemma is well known e.g., use Re, Theorem 31.8 and
   .Theorem 31.9 together with Pi, Corollary b, p. 339 for local fields and
will be invoked in various places below.
LEMMA 4.1. Let L be a local field or L. Then
Ž .i L has a unique quaternion diision algebra.
Ž .ii Any een degree extension L of L splits the quaternion diision
algebra oer L.
ŽFor a global field F, the classical and profound result from class field
. Ž theory on the Brauer group of F provides an exact sequence cf. We,
.Theorem 2, p. 206, and Theorem 4, p. 164
i inˆ0 Br F  Br F   0, 11Ž . Ž . Ž . 
Ž .P F
ˆŽ . Ž .where the map i combines scalar extension maps Br F  Br F for
Ž . P F and the map in is the invariant map, computed locally on each
Ž .component  , i.e., in  in . The exact sequence 11 classifies andFˆ 
describes the central simple algebras over global fields. We will use
Ž . Ž .particular cases of 11 for quaternion algebras which are isolated as 4.2
Ž . Ž .and 4.3 below. These were actually known before 11 was given in full
generality.
If Q is a quaternion algebra over a global field F, we define the support
of Q as
ˆsupp Q   P F 
Q	 F is nonsplit .Ž . Ž .½ 5F 
4.2. HASSE PRINCIPLE. For a global field F, let Q and Q be quaternion
ˆ ˆalgebras oer F. Then QQ if and only if Q	 F Q	 F for allF  F 
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ˆŽ . P F . In particular, Q is split if and only if Q	 F is split for allF 
Ž . Ž . P F , i.e., supp Q is the empty set.
4.3. HILBERT’S RECIPROCITY LAW. Let F be a global field. For a quater-
Ž .nion algebra Q oer F, the set supp Q is finite with een cardinality. Further,
Ž .  gien any finite subset S of P F with S een, there is a unique quaternion
Ž .algebra Q oer F with supp Q  S .
Ž .Indeed, the injectivity of the map i in 11 yields 4.2, and the exactness
ˆŽ .at  Br F implies 4.3. P Ž F .
Remark 4.4. Let Q and Q be quaternion algebras over a global field F
Ž . Ž .and let E be a finite degree field extension of F. If supp Q  supp Q ,
Ž . Ž . Žthen supp Q	 E  supp Q	 E . To see this, take  supp Q	F F F
. Ž .E . If  is the restriction of  to F, then  supp Q and thus
ˆŽ . supp Q . Since F has a unique nonsplit quaternion algebra by Lemma
ˆ ˆ ˆ ˆ ˆŽ .4.1 i , we have Q	 F Q	 F . Since E  F , we have Q	 E F  F    F 
ˆ Ž .Q	 E , which is nonsplit. Consequently,  supp Q	 E as claimed.F  F
PROPOSITION 4.5. Let F be any field. For a quaternion algebra Q
2'Ž . Ž . Ž .a, bF , let K F Q  F x, ax  b . Then any intractable quaternion
Ž .algebra oer K is a constant class in Br K .
Ž . Ž  Proof. Notice first that Br F  K  0. See FS, Lemma 2, p. 51 .se p
Ž . Ž .For this, since a, bF is split, we have F  K F x by Lemmase p se p se p
. Ž .3.2. From 10 in Proposition 3.1, we obtain the exact sequence:


Br F  Br K  X G . 12Ž . Ž . Ž . Ž . P
Ž .P KF
By Lemma 2.11, we recall that the map 
 coincides with the direct sum of
the ramification maps. Suppose now that D is an intractable quaternion
Ž   Ž . .algebra over K clearly, D  Br K  . Then, by Corollary 2.7, D is
Ž . Ž .everywhere unramified and so 
 D  0. The exactness at Br K  in
Ž .  12 shows that D is a constant class.
ˆŽ .EXAMPLE 4.6. By Theorem 1.2 i , the field  of 2-adic numbers if2
Ž .intractable. In fact, D;1,1, 2,3,3, 2 is an intractable family over
ˆ Ž . As a rule, it is not easy to find examples of intractable families in an2
intractable field. However, specific examples of intractable families are
known whenever a field K has level 4, as in this example, i.e., 1 is a sum
of 4 squares, but not as a sum of 3 squares in K. See CTW, Proposition
ˆ ˆ . Ž . Ž .3.2 for details. For the rational function field  x , D	 x is an2 2
ˆ ˆŽ . Ž .intractable quaternion algebra over  x , since Br  is embedded into2 2
ˆ ˆŽ Ž .. Ž . Ž .Br  x cf. 2.12 . Therefore  x is also an intractable field. By2 2
ˆ Ž .contrast, let us consider a nonrational function field K D 2
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2'ˆ ˆŽ . x,  x  1 of genus 0 over  . According to Lemma 4.1 and the2 2
argument preceding Lemma 3.2, this is the unique, up to isomorphism,
ˆnonrational function field of genus 0 over  . By Proposition 4.5, any2
intractable quaternion algebra over K is a constant class in K. This
implies that the only possible intractable quaternion algebra over K would
be D	 K , but this D	 K is split by Proposition 3.1. Thus, there is no
intractable quaternion algebra over K and therefore K is tractable. In
general, from similar arguments, any nonrational function field of genus 0
over a dyadic local field is tractable.
We now turn to the question of tractability of algebraic function fields in
Žone variable of genus 0 over a global field and determine almost com-
.pletely their tractability utilizing the facts given in previous sections. If K
is a rational function field over a tractable field F, then K is tractable by
Theorem 2.13. Thus, we focus on nonrational function fields of genus 0.
LEMMA 4.7. Let F be any field. For a quaternion diision algebra Q
2'Ž . Ž . Ž .  a, bF , let K F Q  F x, ax  b . Suppose that B is a constant
Ž .class in Br K . If B is a quaternion algebra oer K , then there exists a
    Ž .quaternion algebra A oer F such that A	 K  B in Br K .F
  Ž .Proof. If B is a constant class in Br K , it is possible to take
  Ž .    A  Br F with A	 K  B . Since B is a quaternion algebra overF
Ž . Ž .K , we have ind B  2. Recall by Remark 3.4 that F Q is the function
field of the BrauerSeveri variety C associated to Q. From the index
Ž  reduction formula cf. SV, Theorem 2.3, p. 735; Ti, Theorem 1, p. 736 ; to
Ž . Ž .apply the latter reference, note that i K F Q is the same as the
function field of the 3 dimensional quadratic form q given by the reduced
Ž .norm on Q restricted to the ‘‘pure part’’ of Q; ii the even Clifford
.algebra of q is Q for such a field, we obtain
2 ind B  ind A	 K min ind A , ind A	 Q .Ž . Ž . Ž . Ž .Ž .F F
Ž .It follows that at least one of A and A	 Q has index 2. If ind A  2,F
Ž .put A A; otherwise, put A A	 Q. Then, we have ind A  2 soF
Ž  .that A is a quaternion algebra over F cf. Pi, Theorem, p. 236 , with
   A	 K  B since Q is split over K.F
If F is a global field, then A and A	 Q in the proof of Lemma 4.7F
are both quaternion algebras since the index of an algebra over F is equal
to its exponent.
Remark 4.8. Lemma 4.7 can be also shown using quadratic form
Ž .theory. We thank the referee for outlining the proof: Let F and K F Q
as in Lemma 4.7. Let B be a quaternion algebra over K whose class in
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Ž .Br K is a constant class. Let N denote the norm form of B over K ,B
Ž .which is a 4-dimensional quadratic form. Let C be the nonsingular
projective conic curve over F associated to the quaternion division algebra
Ž . Ž . Ž . Ž .Q. Then, we have F C  F Q see Section 3 . For each P KF ,
Ž . Ž . Ž .choose a second residue map  : W K W V , where W k is the WittP P
ring of a field k. Define  as the direct sum of these  ’s, that is,P
 : W K  W V .Ž . Ž . P
Ž .P KF
Now, since B is everywhere unramified, the quadratic form N is alsoB
Ž .everywhere unramified, in other words,  N  0. It is known thatB
Ž . Ž . Ž  . Ž .ker  W C cf. Kb, Satz 13.3.6 where W C is the Witt ring of a
Ž . Ž . Ž  .curve C , and that the map W F W C is surjective cf. As, p. 492 .
Ž Ž . Ž ..Thus, we have N  im W F W K . If B is a division algebra, thenB
Ž . Ž N is anisotropic. Therefore, by the excellence of F C over F see As, p.B
.492 , N is extended from an anisotropic quadratic form q over F. SinceB
Ž . Ž .N is 4-dimensional, so is q. Since det N  1 up to squares , it followsB B
Ž . 2 Ž . 2that det q  1 in K *K * , and further det q  1 in F*F* because F
is algebraically closed in K. Hence, q is a norm form of a quaternion
algebra A over F. Since q	 KN , we have A	 K B.B
Ž .By Theorem 1.2 ii , a global field F is tractable if and only if F has at
most one dyadic spot. Thus, if F is an algebraic function field in one
Ž .variable over a finite field of characteristic different from 2 , F is always
tractable since it has no dyadic spots. On the other hand, if F is an
algebraic number field, F is tractable if and only if F has exactly one
dyadic spot. We will then denote the dyadic spot by  and the correspond-
ˆing local field by F .
THEOREM 4.9. Let F be a tractable global field. Suppose that Q
Ž . Ž .a, bF is a quaternion diision algebra oer F and supp Q contains exactly
2'Ž . Ž . Ž .two prime spots. Let K F Q  F x, ax  b . If either char F  0 or
Ž .supp Q contains the dyadic spot, then K is tractable.
Ž .  Proof. Assume that K F Q is not tractable and D is an intractable
 quaternion algebra over K. By Proposition 4.5, D must be a nontrivial
Ž .constant class in Br K . Let Q be a quaternion algebra, by Lemma 4.7,
over F such that DQ	 K. Then we can take a prime spot 
Ž . Ž . Ž .supp Q  supp Q since supp Q contains only two prime spots and D is
nonsplit over K. By hypothesis, the prime spot  is nondyadic. Since Q is
ˆ ˆ ˆŽ .split over F , the function field F Q is purely transcendental over F by  
ˆ ˆŽ . Ž Ž ..Lemma 3.2. Note then that Br F is embedded into Br F Q . Therefore 
ˆ ˆ ˆŽ . Ž . Ž .Q	 F Q is nonsplit. This implies that D	 F Q Q	 F Q is K  F 
ˆ Ž . Ž .an intractable quaternion algebra over F Q by Remark 2.4 i . However,
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this is impossible since any field of transcendence degree 1 over a nondyadic
local field or a real closed field is tractable by Theorem 1.3.
Ž . Ž .EXAMPLE 4.10. Let Q  1, 1 and let K   Q 
2'Ž . Ž .  4 x,  x  1 . It is easy to see that supp Q  2, where 2 is the
dyadic spot and  is the real infinite spot of . Thus, K is tractable.
Ž .EXAMPLE 4.11. Let Q 2, p where p is an odd prime number
2Ž . Ž . Ž .'with p3 mod 8 . Let K Q  x, 2 x  p . Note then that
Ž .  4supp Q  2, p where 2 is the dyadic spot and p the prime spot corre-
Ž .sponding to the odd prime p. Hence, K is tractable. To see supp Q 
ˆ 42, p , we first observe that  splits Q as 2 0, p 0 and that  splits Qq
for q an odd prime different from p since 2, p are each q-adic units. This
ˆŽ .  4implies that supp Q  2, p . On the other hand, Q	  is not split p
Ž  .since 2 is not a square in p cf. Ws, p. 251 . It follows that
 Ž .  Ž . Ž .  4supp Q  2 by Hilbert’s Reciprocity Law 4.3 . Thus, supp Q  2, p as
claimed.
PROPOSITION 4.12. Let F be a tractable global field. Suppose that Q
Ž . Ž .a, bF is a quaternion diision algebra oer F such that supp Q contains a
2'Ž . Ž .nondyadic finite prime spot  of F. Let K F Q  F x, ax  b . Sup-
pose further that there exists a quaternion diision algebra Q oer F with
QQ such that
Ž . Ž .  4 Ž .i supp Q   ,  if char F  0;
Ž . Ž .  4 Ž .ii supp Q   ,  if char F  0,
Ž .where  supp Q and  is the dyadic spot of F. Then Q	 K is anF
intractable quaternion algebra oer K and therefore K is not tractable.
Ž .  Ž .  Ž .Proof. If char F  0, then supp Q  4 since QQ. If char F 
Ž . Ž .  40, then obviously supp Q  supp Q   R, where R is the set of
Ž . Ž . Ž .real infinite prime spots of F. These are the conditions i and ii a in
   CTW, Proposition 3.10 . Then the proof of CTW, Proposition 3.10 shows
that Q	 K is in fact an intractable quaternion algebra over K.F
EXAMPLE 4.13. Let F be a tractable global field. Suppose that Q
Ž . Ž .a, bF is a quaternion division algebra over F. Let K F Q 
2'Ž .F x, ax  b . By Proposition 4.12, K is not tractable in the following
cases:
Ž . Ž .  Ž . i char F  0 and supp Q  4.
Ž . Ž . Ž .ii char F  0 and supp Q contains more than one nondyadic
finite prime spot.
Ž . Ž . Ž .iii char F  0 and supp Q contains only one nondyadic finite
prime spot and at least one real infinite spot.
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Ž . Ž .EXAMPLE 4.14. Let Q  1, 3 and let K   Q 
2'Ž . Ž .  4 x,  x  3 . Recall that supp Q  3, . Thus, K is not tractable.
Ž .In fact, D 2,3K is an intractable quaternion algebra over K with
Ž .  4 Ž .supp D  2, 3 and an intractable family is D; 2,3,1,1,3, 2 .
Ž 2 2 2Another interesting one is D; 1, 1, x  1, x  2, x  2,
2 .x  1 .
Ž .Generally, let Q 1,p where p is an odd prime number with
2Ž . Ž . Ž . Ž .'p 3 mod 4 . Let K Q  x,  x  p . Then supp Q 
ˆ ˆ 4 Ž .p, . For this, note that Q	   1, p is not split since 1 is p p
Ž . Ž not a square in p for p 3 mod 4 cf. Ws, Proposition 6.6.4, p.
.251 . Certainly,  does not split Q as 1 0 and p 0. By a similar
Ž .  4argument as in Example 4.11, we have supp Q  p, and so K is not
tractable.
Ž .Remark 4.15. The only remaining cases for K F Q , where F is a
tractable global field, not covered by Theorem 4.9 and Proposition 4.12 are
Ž . Ž .those where char F  0 and supp Q contains no nondyadic finite prime
spot and more than one real infinite spot. The tractability of K in these
cases remains unsettled. We conjecture that K is not tractable in these
cases.
2'Ž .Note 4.16. We summarize the tractability of fields K x, ax  b
Ž .with a, b*. For Q a, b , the following are all the possible cases:
Ž . Ž . Ž .i supp Q , i.e., K x ;
2'Ž . Ž .  4 Ž .ii supp Q  2, , i.e., K x,  x  1 ;
Ž . Ž .  4iii supp Q  p, 2 ;
Ž . Ž .  4iv supp Q  p, ;
Ž . Ž .v supp Q contains more than one odd prime spot,
where 2 is the dyadic spot, p an odd finite prime spot, and  the real
Ž . Ž .infinite prime spot of . In case i , K x , and by Theorem 2.13, K is
Ž . Ž . Ž .tractable. In cases ii and iii , K is tractable by Theorem 4.9. In cases iv
Ž .and v , K is not tractable by Proposition 4.12. The analogous classification
holds over any tractable algebraic number field with exactly one ordering
Ž .i.e., exactly one real infinite spot .
Note 4.17. Let F be a tractable function field in one variable over a
2'Ž .finite field. We sum up the tractability of fields K F x, ax  b with
Ž .a, b F*. For Q a, bF , there are only two possibilities:
Ž .  Ž . i supp Q  2;
Ž .  Ž . ii supp Q  4;
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Ž .  Ž .  Ž .In case i , if supp Q  0, then K F x is tractable by Theorem 2.13.
 Ž .  Ž .If supp Q  2, then K is again tractable by Theorem 4.9. In case ii , K
is not tractable by Proposition 4.12.
Finally, we point out the connection between an intractable global field
F and the tractability of algebraic function fields in one variable of genus 0
over F. The following theorem settles this situation completely.
THEOREM 4.18. Let F be an intractable algebraic number field. Suppose
Ž .that Q is a quaternion diision algebra oer F. Let K F Q . Then K is
Ž .tractable if and only if F has exactly two dyadic spots,  ,  , and supp Q 1 2
 4 ,  .1 2
Ž . Ž .  4Proof.  Let supp Q   ,  where  ,  are the only dyadic1 2 1 2
spots of F. Assume that K is not tractable. Then we can take an
intractable quaternion algebra D over K. Note that D must be a constant
class by Proposition 4.5. Let Q be a quaternion algebra, by Lemma 4.7,
Ž .over F such that DQ	 K. Then supp Q must contain a nondyadicF
Ž . Ž . Ž . Ž .prime spot  P F since supp Q  supp Q as QQ . By the
argument as in the proof of Theorem 4.9, it can be shown that D	K
ˆ ˆ ˆŽ . Ž . Ž .F Q Q	 F Q is an intractable quaternion algebras over F Q . F  
ˆ Ž .This contradicts the fact that F Q is tractable. Hence K is tractable.
Ž . We prove the contrapositive. For the first case, suppose that F
Ž .  4has just two dyadic spots  ,  , but supp Q   ,  . Choose Q to be1 2 1 2
Ž .  4the quaternion division algebra over F with supp Q   ,  , so Q1 2
Q. For the second case, suppose that F does not have exactly two dyadic
spots. Since F is assumed to be intractable, it must then have more than
Ž .two dyadic spots by Theorem 1.2 ii . Thus, we can choose a quaternion
Ž .division algebra Q over F with QQ and supp Q consisting of exactly
two dyadic spots. Then, in either case, Q is an intractable quaternion
Ž  .algebra over F see the proof of Theorem 2.10 in CTW . Let DQ	F
K. Then D is nonsplit by Proposition 3.1 and so D is an intractable
Ž .quaternion algebra over K by Remark 2.4 i . Thus, K is not tractable in
either case.
'Ž .EXAMPLE 4.19. Let F  7 . Recall then that the dyadic spot 2
Ž .of  has two extensions  and  to F since 7 1 mod 8 . Thus, F is1 2
Ž . Ž  Ž ..intractable by Theorem 1.2 ii see also CTW, Example 2.11 c . Let
Ž . Ž .Q 2, 7 and QQ	 F 2, 7F , and let
2'K F Q  F x ,  2 x  7 .Ž . Ž .
We prove that K is tractable. For this, it suffices, by Theorem 4.18, to
Ž .  4 Ž .  4show that supp Q   ,  . First, note that supp Q  2, 7 where 7 is1 2
the prime spot corresponding to the prime number 7. To see this, we first
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ˆobserve that  splits Q as 7 0 and that  splits Q for p any odd primep
different from 7 since 2 and 7 are both p-adic units. This implies that
ˆŽ .  4supp Q  2, 7 . On the other hand, Q	  is not split since 2 is not 7
Ž  .  Ž . a square in 7 cf. Ws, p. 251 . It follows that supp Q  2 by
Ž . Ž .  4Hilbert’s Reciprocity Law 4.3 . Thus, supp Q  2, 7 as noted. Observe
Ž .that QQ	 F 2,1F as 7 is a square in F. This implies
Ž .that supp Q does not contain any extension of the prime spot 7. Thus, we
 Ž . have supp Q  2. Next, note that
ˆ ˆ ˆ ˆ 2 F :  F :  F : 2  21 2
ˆ ˆ ˆŽ  Ž ..cf. Pi, Corollary 18.2 a . This implies that F  F  . Thus, Q	  2 F1 2ˆ ˆ ˆF and Q	 F are nonsplit, since Q	  is nonsplit. Hence, we F   21 2
Ž .  4have supp Q   ,  .1 2
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